GREEN FUNCTIONS AND WEIGHTS OF 
POLYNOMIAL SKEW PRODUCTS ON C 2 



KOHEI UENO 

Abstract. We study the dynamics of polynomial skew products 
on C 2 . By using suitable weights, we prove the existence of sev- 
eral types of Green functions. Largely, continuity and plurisub- 
harmonicity follow. Moreover, it relates to the dynamics of the 
rational extensions to weighted projective spaces. 



1. Introduction 

The Green function Gf of / is a powerful tool for the study of the 
dynamics of a polynomial map / from C 2 to C 2 , which is defined as 

G f (z,w) = lim ±\og + \r(z,w)\, 

n— >oo A 

where f n denotes the n-th iterate of /, A is the dynamical degree of /, 
and \(z, w)\ = max{|z|, \w\}. In one dimension, it is well known that 
the Green function G p of a polynomial p is defined, continuous and 
subharmonic on C and that it coincides with the Green function of K p 
with pole at infinity, where K p is the set of points whose orbits under p 
are bounded. However, in two dimension, it is not known whether the 
limit Gj is defined on C 2 . One strategy to study the dynamics in two 
dimension is to assume that / has a good property that induces the 
existence of Gf. For example, it is well known that if / is regular, that 
is, if / extends to a holomorphic map on the projective space P 2 , then 
Gf is defined, continuous and plurisubharmonic on C 2 . Moreover, it 
coincides with the pluricomplex Green function of Kf, where Kf is the 
set of points whose orbits under / are bounded (see e.g. pQ). To relax 
this regularity condition, many authors have paid attention to another 
condition called algebraically stability (e.g. [TT], [T2], [7], [I], [3] and 
[6]). Recently, Favre and Jonsson [10] proved that any polynomial map 
has an extension that is algebraically stable in some weak sense, to a 
projective compactification of C 2 with at worst quotient singularities. 
Their proof is based on the valuative techniques developed in [9] , with 
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which they proved that if / is not conjugate to a skew product, then 
there is a plurisubharmonic function u, which is close to log + \(z, w)\, 
such that \~ n u o f n decreases to a plurisubharmonic function, which 
is not identically zero. Here o denotes the composition. The distinc- 
tiveness of polynomial skew products was pointed out at numerous 
instances in their papers. 

In this paper we study the dynamics of polynomial skew products 
on C 2 . A polynomial skew product is a polynomial map of the form 
f(z,w) = (p(z),q(z,w)). We assume that 5 = degp > 2 and d = 
deg w q > 2. Let b(z) be the coefficient of w d and 7 its degree. Many 
authors have studied the dynamics of regular polynomial skew products 
(e.g. [13], [H], [15] and [3]); / is regular if and only if S — d — degq, 
which implies 7 = 0. We have studied the dynamics of nondegenerate 
polynomial skew products in [IT]; we say that / is nondegenerate if 
7 = 0. Besides giving examples of polynomial skew products whose 
Green functions are not defined on some curves, we introduced the 
weighted Green function GJ of / in [T7] . 




where iu)| Q = max{|2:| a , \w\}, which is defined, continuous and 
plurisubharmonic on C 2 for a suitable rational number a > 0. More- 
over, / extends to an algebraically stable map on a weighted projective 
space, whose dynamics relates to GJ. Although the dynamics becomes 
much more difficult without the nondegeneracy condition, the idea of 
imposing suitable weights is still effective. 

The dynamics of / consists of the dynamics of p on the base space 
and the dynamics on fibers: f n (z,w) = (p n (z) , Q r z l (u>)) , where Q n z = 
q p n-it z \ o • • • o q p ( z j o q z and q z {w) = q(z, w). As the Green function G p 
of p, we define the fiberwise Green function of / as 




Since G p exists on C, the existence of G z implies the existence of Gf and 
GJ. Favre and Guedj proved the existence of G z on K p x C in [HI Theo- 
rem 6.1], which is continuous and plurisubharmonic if 6 _1 (0) (~)K p = 0, 
and gave examples whose fiberwise Green functions are discontinuous 
over J p = dK p in [8j Proposition 6.5]. In this paper, we investigate the 
existence, continuity and plurisubharmonicity of G z on A p x C, where 
A p denotes the set of points whose orbits under p tend to infinity. 

A summary of our results is as follows. We replace the definition of 
\(z, w)\ a by max{|2:| max '! Q ' J', \w\} or max{(|2;| + 1) Q , \w\}. In the case 
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5 7^ d, the weighted Green function G" is defined on C 2 and continuous 
and plurisubharmonic on A p x 



which can be negative if 5 < d. 
limsup n ^ 00 (5- ri log + \Q n z 
a — 7/(5 — d), then the limit 



/ 

for a suitable rational number a, 
If S > d, then a is nonnegative, 



< aG p and so GJ 



aG p on C 2 . 



Moreover, if 



G»= lim -toj 

n— >oo (X 



Q n z (w) 



p n (z) a 



is defined, continuous and plurisubharmonic on A p x C. If 5 < d, then 
G z coincides with Gf and GJ on C 2 , and with on A p x C. Moreover, 
if S ^ d and a = 7/(5 — d), then we obtain certain uniform convergence 
to G1 on x C and the asymptotics of G" near infinity. In the case 
5 = d, the dynamics differs depending on whether / is nondegenerate. 
If 7 7^ 0, then GJ is defined on C 2 if we admit plus infinity for a 
suitable rational number a, which can be negative. Moreover, the 
limit lim n ^ 00 (n7<i n_1 ) _1 log + |Q"(u>)| is defined and plurisubharmonic 
on C 2 . It coincides with G p on a region in A p x C and with on the 
complement of the region in A p x C. Furthermore, the limit 



G(z, w) 



lim — log 

n— >oo d n 



w 



p n (z 



) n ll 



is defined and plurisubharmonic on A p x C if we admit minus infinity. 
It is continuous on the region in i p x C. 

Throughout the paper we make use of the extensions of / to rational 
maps on weighted projective spaces, which can be algebraically stable 
if and only if 7 = or 5 > d. Some results on the Green functions 
can be illustrated with these extensions. In particular, if S > d and 
a = 7/(5 — d) or if 5 < d, then / ~ [z , z 1 w d ) on a region in the 
attracting basin of the indeterminacy point [0:1:0], which induces 
the results on the Green functions. Here the notation / ~ g means 
that the ratios of the first and second components of the maps tend 
to 1, respectively. Note that Guedj pointed out in [121 Example 3.2] 
that / extends to algebraically stable maps on Hirzebruch surfaces if 
5 < d. Under an additional condition, he derived the existence of a 
weighted Green function of / in [T2"j Theorem 4.1], which is continuous 
and plurisubharmonic on C 2 . 

This paper is organized as follows. First, we briefly recall the dy- 
namics of polynomial skew products and give the definition of rational 
extensions on weighted projective spaces in Section 2. In Section 3 we 
recall the results for the nondegenerate case. The generalized results 
in the cases 5 > d, 5 < d and S — d are presented in Sections 4, 5 
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and 6, respectively. In these sections we offer two examples: mono- 
mial maps, and skew products that are semiconjugate to polynomial 
products. The weight a contributes also to the degree growth of /; in 
Section 7 we provide a result on the degree growth and a corollary on 
a weighted Green function that relates to the degree growth. 

2. Preliminaries 

Let f(z,w) = (p(z),q(z,w)) be a polynomial skew product such 
that p{z) = az s + 0(z 5 ^) and q(z,w) = b(z)w d + O z {w d ~ l ), and let 
7 = degfe. We assume that 5 > 2 and d > 2. Then we may assume 
that polynomials p and b are monic by taking an affine conjugate; 
p(z) = z 5 + 0{z 6 - 1 ) and b(z) = z^ + 0(z^~ l ). Let A = max{5, d} and 
deg / be the algebraic degree of /, i.e. maxjdegp, degg}. In general, 
deg / may be greater than A. However, the dynamical degree of /, 
lim^oo ^/deg(/ n ), is equal to A. 

Let us briefly recall the dynamics of polynomial skew products. 
Roughly speaking, the dynamics of / consists of the dynamics on the 
base space and the dynamics on the fibers. The first component p de- 
fines the dynamics on the base space C. Note that / preserves the set of 
vertical lines in C 2 . For this reason, we often use the notation q z (w) in- 
stead of q(z, w). The restriction of f n to the vertical line {z} x C can be 
viewed as the composition of n polynomials on C, q p n-i( z )0- ■ -oq p ( z )oq z . 

A useful tool in the study of the dynamics of p on the base space is 
the Green function G p of p, 

G p (z)= lim L\ g + \p n (z)\. 

It is well known that G p is defined, continuous and subharmonic on 
C. More precisely, G p is harmonic and positive on A p and zero on K p , 
and G p (z) = log|z| + o(l) as z — > oo. Here A p = {z : p n {z) — > oo}, 
K p = {z : {p n (z)} n > 1 bounded} and A p U K p = C By definition, 
G p (p(z)) = SG p (z). In a similar fashion, we consider the fiberwise 
Green function of /, 




where Q n z = g^-i^o- ■ -oq p{z) oq z . By definition, G p{z) (q z {w)) = dG z {w) 
if it exists. Since the limit G p exists on C, the existence of G z or G z 
implies those of Gf and GJ. Since the existence of G z on K p x C is 
proved in [8], the remaining problem lies in investigating the existence 
on Ap x C. We note that it is unclear even if / is regular. For the 
nondegenerate case, using an argument in the proof of [8, Theorem 
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6.1], the author showed the existence of G z on an open subset of A p x C 
in [T6"| Lemma 2.3] with the assumption 5 < d, which was improved in 
[17] . In this paper we generalize these results for the case 7 ^ 0. 

It is useful to consider the dynamics of the rational extensions of 
/. Let r and s be any two positive integers. The weighted projective 
space P(r, s, 1) is a quotient space of C 3 — {O}, 

P(r,s,l)=C 3 -{0}/~, 

where (z,w,t) ~ (c r z,c s w,ct) for any c in C — {0}. Thus P(r, s, 1) = 
C 2 U Lqo, where denotes the line at infinity {t — 0}. We denote a 
point in P(r, s, 1) by weighted homogeneous coordinates [z : w : t]. It 
follows that / extends to a rational map / on P(r, s, 1), 



f[z :w:t] 



'' ^ t r ) t ' q (r' t s ) t ' t , 



We say that / is algebraically stable if there is no integer n and no 
hypersurface V such that f n (V — If n ) C If, where If denotes the 

indeterminacy set of /. It is well known that if / is algebraically stable 
on P 2 , then deg(/ n ) = (deg f) n . In the final section we present a similar 
claim on P(r, s, 1). We define the Fatou set Fj of / as the maximal 
open set of P(r, s, 1) where the family of iterates {/"} n >o is normal. 
The Julia set Jj of / is defined as the complement of the Fatou set of 

/■ 

3. NONDEGENERATE CASE 

To recall the main results in [17] , we assume that / is nondegenerate 
throughout this section. We defined the rational number a as 

IX > rij + Irrij for any integers rij and rrij 
s.t. CjZ nj w mj is a term in q for some Cj 7^ 

if deg 2 q > and as if deg 2 q — 0. Since q has only finitely many 
terms, one can take the minimum. Indeed, a is equal to 



min < I G 



max 



X — rrij 



CjZ j w 3 is a term m q 
with Cj 7^ and rrij < X 

Clearly, a > 0, and a = if and only if / is a polynomial product. 
By definition, a < deg z q and a < degq. Moreover, A n < deg(/ n ) < 
max{l, a]X n for any positive integer n. 

We define the weight of a monomial z n w m mainly as n + am. The 
weight of q is defined as the maximum of the weights of all terms in 
q. Then the weight of q is aX and the weight of Qg(w) is aX n . Let h 
be the weighted homogeneous part of q of highest weight a A. In the 
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case 8 < d, it follows from definition that h contains w d . On the other 
hand, if we replace a in the definition of the weight of a monomial by a 
positive number which is larger than a, then h coincides with w d , and 
if we replace a by a positive number which is smaller than a, then h 
does not contain w d . 

We explain the importance of a in terms of the rational extensions 
of /, assuming that / is not a polynomial product. We saw that / 
extends to a rational map / on P(r, s, 1) for any two positive integers r 
and s. Moreover, it extends to a weighted homogeneous polynomial on 
C 3 if and only if s/r > a. Similarly, / is algebraically stable if and only 
ifs/r>a;ifs/r<a then / contracts — Ij to the indeterminacy 

point Poo = [0:1:0]. The map / is holomorphic if and only if 8 = d 
and s/r > a. Note that the holomorphic extensions of polynomial 
maps to weighted projective spaces are also mentioned in [TUl Section 
5.3]. 

Let us list some more details of / on P(r, s, 1) for s/r > a, which 
deffer depending on the magnitude relation of 8 and d. If 8 > d, then 
If = {poo}- Moreover, if s/r = a then the dynamics on L ra — {poo} is 

induced by the polynomial h, and if s/r > a then / contracts Loo — 
{Poo} to the attracting fixed point [1:0:0]. On the other hand, Poo 
becomes an attracting fixed point if 8 < d. If 8 < d, then / contracts 
Loo — If to poo. If 8 — d, then the dynamics on is determined by h. 
Here h is the weighted homogeneous part of q of highest weight sd/r, 
which coincides with w d if s/r > a. 

Via a, we obtain the results on the Green functions of /. In the case 
8 > d, the dynamics of / described above implies the following upper 
estimate. 

Theorem 3.1 ([17]). Let 7 = 0. If 8 > d, then G x z < aG p on C 2 , 
where G x = limsup^^ 8~ n \og + In particular, if a < 1 then 

G f = G p onC 2 . 

Hence if 8 > d, then GJ = aG p on C 2 . In the case 8 < d, it follows 
from definition that / ~ (z s , w d ) on Wr and that /(Wr) C Wr for large 
R > 0, where W R = {\w\ > R\z\ a , \w\ > R a+1 }. This implies that G z 
is defined, continuous and pluriharmonic on Wr. Although we use the 
same notation Wr in the sections below, the definition of Wr differs 
depending on whether / is nondegenerate. Let Af = U n >o/ _n (H / ij). 

Theorem 3.2 ([17]). Let 7 = 0. If 8 < d, then G z is defined, contin- 
uous and pluriharmonic on Af. Moreover, G z (w) tends to if 8 < d 
and to aGp(z) if 8 = d as (z,w) in Af tends to dAf. 
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Hence if 5 < d, then Gf is denned, continuous and pluriharmonic 
on Af. Note that Af is the restriction of the attracting basin of p^ 
to C 2 . If 5 < d, then G z is defined, continuous and plurisubharmonic 
on C 2 and it coincides with both Gf and GJ. If S = d, then GJ is 
defined, continuous and plurisubharmonic on C 2 ; roughly speaking, it 
is the maximum of aG p and G z . Moreover, GJ determines the Fatou 

and Julia sets of the holomorphic map / on P(r, s, 1), where s/r > a. 

Since two theorems above hold with suitable modifications for any 
/ > a, we arrive at the following corollary. 

Corollary 3.3 ([IZj). Let 7 = 0. For any I > a, the limit G l j is 
defined, continuous and plurisubharmonic on C 2 . 

The a is optimal in the sense that in this theorem a can not be 
replaced by any smaller number. See [TTj, Remark 2, Examples 5.2 and 
5.3] for details. 

4. 5 > d 

We first study the case 5 > d toward a generalization of the results 
for nondegenerate polynomial skew products. Assume that / satisfies 
the condition 5 > d throughout this section. Besides showing the same 
upper estimate of G z as the nondegenerate case, we also analyze the 
new phenomena that does not appear in the nondegenerate case. 

The definition of a is the same, which is positive unless / is a poly- 
nomial product. The map / extends to the rational map / on P(r, s, 1), 
which is algebraically stable if s/r > a. The dynamics of / implies the 
upper estimate of G z on C 2 , which induces GJ = aG p on C 2 . Moreover, 
if a — j/(S — d), then the dynamics of / is much more understandable; 
we show the existence of G" on A p x C. This function relates to the 
dynamics of /, and induces the existence of G z and Gf on some region 
in A p x C. 

The organization of this section is as follows. In Section 4.1, we state 
the definition of a, whose importance is illustrated with the weighted 
homogeneous part of q or Q™, and with the rational map / on P(r, s, 1). 
Then the upper estimate of G z is described without a complete proof. 
In addition, we present two types of examples of polynomial skew prod- 
ucts whose dynamics is rather understandable. The first type is mono- 
mial maps, whose Green functions are completely described. The sec- 
ond type is polynomial skew products that are semiconjugate to poly- 
nomial products, whose Green functions are well understood. With the 
assumption a = j/(S — d), we prove the existence of in Section 4.2 
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and the uniform convergence to in Section 4.3, which implies the 
asymptotics of G" near infinity. 

4.1. Weights. The definition of a is the same as in the nondegenerate 



Clearly, a > 0, and a — if and only if / is a polynomial product. 
By definition, a < deg z q and a < degg. Moreover, 5 n < deg(f n ) < 
max{l,a}5 n for any positive integer n. 

We define the weight of a monomial z n w m mainly as n + am. As 
same as the nondegenerate case, the weight of q is a5 and the weight 
of is a5 n . Let h be the weighted homogeneous part of q of 

highest weight a5, which contains z 1 w d if a = ^/(S — d) and does 
not if a > 7/(5 — d). To begin with, let us consider the case where 
the rational number a is an integer. Put w = cz a , then h(z, cz a ) = 
h(l,c)z aS . Fix c so that q(z, cz a ) can be regarded as a polynomial in z. 
By letting h(c) = h(l,c), it follows from definition that h(c )z aS is the 
homogeneous part of q(z, cz a ) of degree a5. Moreover, h n (c)z a5n is the 
homogeneous part of Q n z {cz a ) of degree a5 n . Therefore, z aS " h n (z~ a w) 
is the weighted homogeneous part of Q r z (w) of weight a5 n . If a is not an 
integer, then z a is not well defined and c is not uniquely determined by 
z and w. However, in that case, the polynomial h has some symmetries 
related to the denominator of a, and these notations are still helpful. 

The dynamics of / on P(r, s, 1) is also the same as the nondegenerate 
case. The details are as follows. If s/r < a, then / contracts — Ij 
to the indeterminacy point = [0:1:0]; thus it is not algebraically 
stable. On the other hand, if s/r > a, then / is algebraically stable. 
If s/r = a, then f[z : w : t] — [z 5 + tu(z, t) : h(z, w) + tv(z, w, t) : t 5 ], 
where u and v are polynomials. Since h is divisible by z, it follows that 
If — {Poo}- Since f[z : w : 0] = [z 5 : h(z,w) : 0], the dynamics of / 
on Lqo — {Poo} is induced by the dynamics of h(l, w). If s/r > a, then 
f[z : w : t] — [z 5 + tu(z,t) : tv(z,w,t) : t s ]. Hence Ij = {poo} and / 
contracts — Ij to the attracting fixed point [1:0:0]. Because the 
fixed point [1 : : 0] is attracting in a very strong sense as above, we 
obtain the upper estimate G z < IG P on A p x C for any I = s/r > a, 
where G z = lim sup n ^ oc 5~ n log + Therefore, 



case: 




15 > rij + Irrij for any integers rij and rrij s.t. 
z n i w m 3 i s a term in q with nonzero coefficient 



which is equal to 
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Proposition 4.1. If 5 > d, then G z < aG p on A p x C. 

One can also prove this proposition along the same line as the proof 
of [T71 Theorem 3.2]. Hence if 6 > d, then G p < Gf < maxjo, 1}G P on 
A p x C, where Gf = lim sup^^ 5~ n log + |/ n |. In particular, if a < 1, 
then Gf = G p on C 2 . In addition, the existence of G z on K p x C implies 
that G°f = Gf = G\ = on K p x C, since X — S > d. Consequently, 
the proposition above implies the following corollary. 

Corollary 4.2. If 5 > d, then GJ = aG p on C 2 . 

We end this subsection with two examples of polynomial skew prod- 
ucts whose dynamics are well understood: monomial maps, and skew 
products that are semi conjugate to polynomial products. 

Example 4.3 (monomial maps). Let f = (z s , z 1 w d ), 5 > d andj ^ 0. 
Then a = 7 / '(5 — d) > and f n = (z sn , z ln w dn ), where 

7n = + S n ~ 2 d +■■■ + rf n " 1 ) 7 = a6 n 1 1 - 

Hence G z is 00 on {\z\ > 0}, log + \w\ on {\z\ = 1}, and on 

{\z\ < 1} U {w = 0}. Since G p = log + \z\, 

q\ _ falog + |^| on {w ^ 0} 
2 [0 on{w = 0}, 

which is not continuous on {\z\ >l,w = 0}, and 

J max {a, 1} log + \z\ on {w ^ 0} 
[ log + \z\ on {w = 0}, 

which is continuous on C 2 if a < 1 and is not on {\z\ > l,w = 0} if 
a > 1. Therefore, GJ = alog + \z\ on C 2 , which is continuous on C 2 . 
The limits G z , Gf and G" are all plurisubharmonic on C 2 . 

Example 4.4. Let f = (z s ,q(z,w)) be a polynomial skew product, 
where q = z 1 w d + O z {w d ~ l ), 7 7^ and 5 > d, that is semiconjugate 
i° fo — i. z5 ih{w)) by 7r = (z r ,z s w) for some positive integers r and 
s; fn = 7r/o- Note that h(w) = q(l,w) and so the degree of h is d. 
The identity q(z r ,z s w) = z sS q(l,w) implies that a = s/r > and 
q(z,w) = z aS h(w/z a ). Moreover, f n = (z 5 " , z a5 " h n (w / z 01 )) . Hence 
w n /z" = h n {w/z a ) and so 

= G h {^) onC 2 -{z = 0}, 
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where {z n ^w n ) = f n (z,w). Define 



|J {z} x z a E h and E h = f| (J fc-*(0) 

|*|>1 l>0n>l 

as in [18j. TTien = alog + \z\ on C 2 — Ef, which implies that Gf = 
max{a, l}log + \z\ onC 2 —Ef and that GJ = a log 4 " \z\ onC 2 . IfO ^ E h 
then the equalities above extend to C 2 , and if a < 1 then Gf — log + \ z\ 
onC 2 . 

The claims in this example follow from the same line as in [18J. These 
maps can be characterized by the symmetries of the Julia sets, see [T9| 
Theorems 5.2 and 5.5] for details. 

4.2. Existence of Green functions: a = 7/(5 — d). We saw that, 
for the special map / in Example I4.4[ the limit G® is defined, con- 
tinuous and plurisubharmonic on C 2 — {z = 0}. In this subsection, 
assuming that a = j/(8 — d), we derive the existence, continuity and 
plurisubharmonicity of G® on A p x C. We also assume that / is not a 
polynomial product for simplicity, which implies that a > and 7 ^ 0. 

Let W R = {\z\ > R, \w\ > R\z\ a } for large R > 0. Note that the 
definition of Wr differs from the nondegenerate case. We often use 
the new variety c = z~ a w. Although c depends on the choice of the 
branch of z~ a , \c\ does not and Wr = {\z\> R, \c\ > R}. The following 
important lemma follows from the definition of a. 



Lemma 4.5. If 5 > d and a 



q(z,w) 




w 


p(z) a 




z a 



7/(5 — d), then 

d 

on Wr 



and f preserves Wr; that is, /(Wr) C Wr. 

Proof. We explain this claim by using the notation \c\ = \z~ a w\. Let 
z n 3 W m 3 be a term of q with nonzero coefficient. If z n3 w m3 7^ z^w d 1 then 



— > as z and c — > 00 



since at least one of the inequalities d > rrij and aS > rij + amj holds. 
Thus 

d 



Z n 3 U} m 3 






c d z a5 




c d z aS 



q(z,w) 




q(z, cz a ) 


z a8 




z a8 



l<f{l + o(l)} 



w 



{1 + 0(1)}. 



Hence there exist positive constants r\ < 1 < r 2 such that 



w 



n 



< 



p(z) a 



< r 2 



w 
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on Wr for large R, since p(z) ~ z s as z — > oo. 

Let us show that / preserves Wr. It is clear that if R is large 



enough, then \p(z)\ > R since p(z) 



as z — > oo. Hence it is enough 



to show that \q(z, w)\ > R\p(z)\ a on Wr for large R, which follows 
from inequality ([1]) since d > 2. □ 

Remark 4.6. VFe can also show the following as Lemmas \5.3\ and \6.£\ 

with a slight change of the proof: if 8 > d and a = j/(8 — d), then 



q(z,w) 



z J w d 



on Wr for large R > 0. 



Let / be the rational extension to P(r, s, 1), where s/r = a. Recall 
that the dynamics of / restricted to — {poo} is induced by the 
polynomial h(l,w) of degree d. Hence p^ attracts most nearby points 
in A p x C, and Wr is included in the attracting basin of poo. Therefore, 
the inclusion f(WR) C Wr is natural. Let Af = U„>o/~ ?1 (H / r), which 
is the restriction of the attracting basin of poo to A p x C 

Theorem 4.7. If 5 > d and a = j/(8—d), then the limit is defined, 
continuous and pluriharmonic on Af. Moreover, = log |2 _a w|+o(l) 
on Wr, &l ~ log | it; | as w — >■ oo for fixed z in A p , and G" tends to 
as (z,w) in Af tends to dAf — J p x C. 

Proof. First, we prove the uniform convergence of G n to G" on Wr, 



where G 



d "log \ z n a w n \ and 



^71 J 



lz,w 



It follows 



from inequality (pQ) in the proof of Lemma 14.51 that, for any 

Wr, 



z,w) m 



n 





d 








w n 


< 




< r 2 


w n 










~a 





Hence, for any (z,w 

\G n+1 (z,w) - G n (z,w 



in Wr and for any positive integer n, 

d 



d n 



T lo g 



n+l 



Z 



n+l 



< 



logr 



where logr = max{— logr 1; logr 2 }. Therefore, G n converges uniformly 
to on Wr. Since G n is continuous and pluriharmonic on Wr, the 
limit G® is also continuous and pluriharmonic on Wr. By the inequality 
above, for any (z,w) in Wr, 



G a z {w) - log 



(2) 



— < 



< 



oo 

E 

71=0 

oo 

E 

n=0 



\G n+1 (z,w) - G n (z,w)\ 
log r log r 



dP 



d-1 



--: C 



fl- 



irt particular, G" ~ log |it>| as w — )■ oo for fixed z in Wr. 
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We can extend the domain of G° from Wr to Af. Indeed, for any 
(z, w) in Aj, there exists a positive integer n such that f n {z, w) belongs 
to W R . Then we define G a z {w) as d- n G« n{z) {Q n z {w)). Clearly, G a z is 
continuous and pluriharmonic on Af, and G" ~ log \ w\ as w — > oo for 
fixed z in A p . 

Next, we use inequality (J2J) to calculate the asymptotic value of 
G^{w) as (z,w) in A/ tends to dAf — J p x C. Let -E = = 
R\z\ a , \z\ > R} C cWr. It then follows from inequality (j2J) that 

| G£ W (QZ(«0) - log/2 | < Cj, on f~ n (E), 

since f n (z,w) belongs to E for any (2, w) in f~ n (E). Thus it follows 
from equation Gy^-^Q™ (■?/;)) = d n G z *(w) that 

(3) I G^H - tT" log i? I < d~ n C R on f~ n (E). 

Since f~ n (E) converges to dAf — J p x C as n tends to infinity, G"(w) 
converges to as (2, w) in tends to dAf — J p x C. □ 

We remark that the set dAf — J p x C in Theorem 14. 71 can be replaced 
by its closure. Let Bf = A p x C — Af. Since G° = on Bf, we get the 
following corollary 

Corollary 4.8. If 5 > d and a = j/(5 — d), then the limit G" is 
defined, continuous and plurisubharmonic on A p x C. Moreover, it is 
pluriharmonic on Af and intBf. 

Here are some properties of Af and Bf. First, Af and Bf are in- 
variant under /; that is, f{Af) C Af = and f(Bf) C Bf — 
/^(Bf). Theorem 14.71 guarantees that the set {{z} x C : deg w q z = 0} 
of degenerate fibers does not intersect with Af. Hence Bf is not empty; 
more precisely, Bf R ({z} x C) 7^ for any z in A p . 

The existence of G° implies the following two corollaries on the ex- 
istence of other Green functions. 

Corollary 4.9. If 5 > d and a = 7/(5 — d), then G z = 00 on Af. 

We note that there exist polynomial skew products such that G z = 00 
on A p x C. Indeed, let / = (z s , q(z, w)) be a polynomial skew product 
that is semiconjugate to (z 5 ,h(w)) by n = (z r ,z s w). If 6 Ah, then 
G z = 00 on {\z\ > 1}. 

Corollary 4.10. If 5 > d and a = 7/(5 — d), then G z = aG p and 
Gf = max{a, 1}G P on C 2 — Bf. 

In particular, if 5 > d and a = j/(8 — d), then G z exists on Af. We 
can insist on the optimality of a and A f as in [TTl Remark 2, Examples 
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5.2 and 5.3], using polynomial skew products that are semiconjugate 
to polynomial products. 

We end this subsection with a description of the dynamics of / on 
P(r, s, 1), where s/r = a. Let U = intA p x C, where the interior and 
closure are taken in P(r, s, 1). Then U = (A p x C) U (L^ — {poo})- Let 
A j be the restriction of the attracting basin of poo to U. It is equal 

to the union of preimages f~ n (mtWR) and hence open. Moreover, 
A j — Af U Ah, where Ah denotes the set of points in Loo — {poo} whose 
orbits converge to Poo- Since Aj is included in the attracting basin of 
Poo, it follows that A f ~ C F f ~. Let Bj = U - Aj. Then Bj = B f U K h , 
where Kh denotes the set of points in Loo — {poo} whose orbits do not 
converge to Poo- Since intBj fl int{ |^| > R} is Kobayashi hyperbolic 
and preserved by /, it follows intL>^ C Fj (see [IT] for details). 

Proposition 4.11. Let 5 > d and a = 7/(<5 — d). The restriction of 
Fj to U consists of Aj and intBj. The restriction of J f to U is equal 
to the restriction of dAj to U , and to the restriction of dBj to U . 
Moreover, it coincides with the restriction of the closure of {(z,w) G 
A p x C : G" is not pluriharmonic} to U. 

The dynamics of / on Bj is as follows. Any point in Bj is attracted 
to under iteration. Eventually, the dynamics on Loo, which is 
induced by h, should determine the dynamics of / on Bf. It follows 
that h(c) := h(l,c) can be written as c l H(c r ) for some integer I > 
and some polynomial H, which is semiconjug ate to c l H(c) r by c r . The 
restriction of / to I ra is conjugate to c l H(c) r . 

4.3. Uniformly convergence and Asymptotics: a = 7/(8 — d). 
Continuing with the assumption a = 7/(5 — d), we show that the 
convergence to is uniform on some region in A p x C, which induces 
the asymptotic of near infinity. 

Proposition 4.12. If 5 > d and a = 7/(5 — d), then the convergence 
to G^ is uniform on V x C, where V C A p . 

Proof. We show that, for any e > and for any subset V such that 
V C A p , there exists N such that \G n — G%\ < e on V x C for any n > 
N, where G n (z,w) = d~ n \og + \z~ a w n \ and (z n ,w n ) = f n (z,w). Let 
U = {z £ V, G™ > e/3}. It is enough to show the uniform convergence 
of G n to on U. Indeed, if this holds, then there exists N such that 
\G n — G"\ < e/3 on U for any n > N. Hence G n < 2e/3 on dU for any 
n > N. By Maximum Principle for subharmonic functions on vertical 
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lines, G n < 2e/3 and so \G n — G%\ < e on U c for any n > N, which 
completes the proof. 

Now we show the uniform convergence on U. The equation G n o f = 
dG n+ i extends the uniform convergent region from Wr to f~ n (Wn). 
Hence it is enough to show that U C f~ n (Wji) for large n. From 
equation (EJ) in the proof of Theorem 14. 7\ it follows that G" < e/3 on 
f~ n (E) for large n, which implies that U C f~ n (Wn). □ 

We saw that, for fixed c = z~ a w, the polynomial h n (c) z adn is the 
homogeneous part of Q™(cz a ) of degree a5 n . Although c is not well 
defined if a is not an integer, the polynomial h and the Green function 
Gh have some symmetries related to the denominator r of a in that 
case: h(c) can be written as c l H(c r ), the Julia set Jh is preserved by the 
rotation pc, where p is a r-th root of 1, and Gh(c) = Gh(z~ a w) is a well 
defined function in z and w. Hence we get the following asymptotics 
of G® near infinity. 



Lemma 4.13. If 5 > d and a 

as z — )■ oo /or /raeo? c. 



7/OJ-d), thenG«{cz c 



Proof. We prove that for any e > there exists i? > such that 

(4) |G^(cz»)-G h (c)|<e 

on {| z | > i?}. Assume the rational number a is an integer. Since 



Q n z (cz a ) = h n (c)z c 



a<5" 



1 , - 



+ o{z 
Q n z (cz 



it follows that 

h n (c)\+o(l). 



1 1 H 



Since 

(5) 



~ z 
1 



as z — > oo, 



log 



p n (z) 



1 



log + |/i"(c)| +o(l). 



By Proposition 14. 121 there exist an integer N\ and a number R > such 
that |G"(iw) — G n (z, < e/3 on {\z\ > R} for any n > Nx- Since the 
convergence of G^ = d~" log + |/i n | to is uniform on C, there exists 
N 2 such that \Gh(c) — G^(c)\ < e/3 for any n > N 2 . From equation 
(|3j) it follows that if R is large enough, then \G^(z, w) — G^ (c)| < e/3 
on {|z| > R}, where N = max{A^, N 2 }. Consequently, inequality (jlj) 
holds on {\z\ > R}. 

Even if a is not an integer, it follows that |Q"(c,2 a )| = |/i n (c)||z| a<5 ™ + 
od^l" 5 "). A similar argument as above implies inequality (Jlj). 



□ 



Proposition 4.14. If S > d and a 

Gh (z~ a w) + o(l) as z — > oo. 



7 /(5 - d), then G a z {w) 
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Proof. We prove that for any e > there exists R > such that 



on {\z\ > R}. Separating the region {\z\ > R} into two open sets 
whose union contains the region, we get this inequality. 

First, we show that this inequality holds on Wr for large R, where 
Wr = {\z\ > R,\w\ > R\z\ a }. Inequality (j2j) in the proof of Theorem 
14.71 implies that \G*(w) — log |z _a, u;|| < e/2 on Wr for large R. Since 
| log |£~ a w;| — Gh(z~ a w)\ < e/2 on Wr for large R, there exists R± > 
such that inequality (JBJ holds on Wr 1 . 

Next, let Vr = {\z\ > R,\w\ < 2Ri\z\ a }. From a similar argument 
as the proof of Lemma I4.13[ it follows that G"(w) = Gh(z~ a w) + 
o(l) on Vr, since the projection of Vr to C by the multi-valued function 
z~ a w is a relatively compact subset of C. Hence there exists R2 > R\ 
such that inequality holds on Vr 2 . Since Wr 2 and Vr 2 cover the 
region {\z\ > R 2 }, inequality §6§ holds on {\z\ > R 2 }. □ 



Next we study the case 5 < d, assuming that 7 7^ 0. We generalize 
the definition of a, and prove the existence of G z on C 2 as the nonde- 
generate case, which is continuous and plurisubharmonic on A p x C. 
Moreover, G z = G f = GJ on C 2 and G z = G a z on A p x C. Unlike 

the nondegenerate case, a can be negative and / is not algebraically 
stable unless / is nondegenerate. However, the indeterminacy point 
Poo is still attracting in some sense, and it follows that / ~ [z^^z^w 11 ) 
on a region in the attracting basin of p^, which induces the results 
above. To obtain uniform convergence to G z , we have to consider un- 
usual plurisubharmonic functions that converge to G z . In particular, 
if a — 7/(5 — d), then the convergence to G z is uniform on a region in 
A p x C, and we get the asymptotics of G z near infinity. 

This section is divided into three subsections: the definition and the 
properties of a, the existence of G z and other Green functions, and the 
uniform convergence to G z . We remark that many claims hold even if 
7 = 0. 

5.1. Weights. We generalize the definition of a as 



(6) 



G a z (w)-G h (z- a w)\ <e 



5. 5 < d 
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which is equal to 



max 



-7 rij - 7 



d — 5 d — rrij 



z nj w mj is a term in q with 
nonzero coefficient s.t. rrij < d 



By definition, —7 < a < deg 2 5 — 7 and a < deg q — 7. Moreover, a 
induces inequalities for the degree growth of /, given in Section 7. 

Let the weight of z n w m be n+am. Then the weight of q is 7 + ac? and 
the weight of Q n z {w) is -y n +ad n , where 7„ = (($ n_1 +<J n - 2 d+- • ■+d n - 1 )^, 
which coincides with a5 n if a = 7/(5 — d). Let h be the weighted 
homogeneous part of q of highest weight 7 + ad, which contains z s w d . 
If a = j/(5 — d), then z a&n h n (z~ a w) is the weighted homogeneous part 
of Q»(w) of weight a5 n . If a > 7/(5 - d), then w))^ 1 is 

the weighted homogeneous part of Q z (w) of weight 7n + ad n . 

The rational map / on P(r, s, 1) is not algebraically stable for any 
positive integers r and s; it contracts — lj to the indeterminacy 
point Poo. However, p^ attracts most points in A p x C; more precisely, 
it attracts all points which converge to (Loo — Ij) U {poo}- 

As in Section 4.1, we end this subsection with two examples: mono- 
mial maps, and polynomial skew products that are semi conjugate to 
polynomial products. 

Example 5.1 (monomial maps). Let f = [z 5 ,z 1 w d ) and 5 < d. Then 
a = 7/(5 — d)<0 and f n = (z s " , z ln w dn ), where 



7n = + 5 n ~ 2 d +■■■ + rf n " 1 ) 7 = -ad n { 1 



6 
d 

Hence G z = G z = Gf = G°f = log + |^ _a w| 7 which is continuous and 
plurisubharmonic on C 2 . 

Example 5.2. Let f = (z s ,q(z,w)) be a polynomial skew product, 
where q = z^w d + O z (w d ~ 1 ), 7 7^ and 5 < d, that is semiconjugate 
to a polynomial product fo = (z 5 ,h(w)) by % = (z r ,z~ s w) for some 
positive integers r and s; fir = nf . Note that h(w) = q(l,w), which 
is divisible by w. It follows from the identity q(z r , z~ s w) = z~ sS q(l,w) 
that a = —s/r < and q(z,w) = z~ aS h(z~ a w) . Moreover, f n = 
(z s ™ ,z~ aS "h n (z~ a w)). Hence z~ a w n = h n (z~ a w) and so 

G a z (w) = lim -^log+ \z- a w n \ = G h (z- a w) on C 2 , 

where (z n ,w n ) = f n (z,w). Moreover, G z = G a z = Gf = GJ, which is 
continuous and plurisubharmonic on C 2 . 
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5.2. Existence of Green functions. We denned Wr as {\z\ > R, \ w\ > 
R\z\ a } if 7 7^ 0. The following important lemma follows from the defi- 
nition of a. 

Lemma 5.3. If 5 < d, then q(z,w) ~ z 1 w d on Wr for large R > 0, 
and f preserves Wr; that is, /(Wr) C Wr. 

Proof. We explain this claim by using the notation |c| = |z~ a u>|. Let 
z n ] W m ] be a term of q with nonzero coefficient. If z n3 w m3 ^ z" f w d 1 then 

— > as z and c — > oo 













^d^+ad 



since at least one of the inequalities d > rrij and 7 + ad > nj + amj 
holds. Therefore, q(z, w) ~ z 1 w d on Wr. In other word, 



(7) 



77 < 



q{z,w) 



z^w G 



< r 2 



on Wr for some positive constants 77 < 1 < r 2 . 

Let us show that / preserves Wr. It is enough to show that \q(z, w) \ > 
R\p(z)\ a on Wr for large R. Since 



q(z, w) 



p(z) a 



p(z) 



yO.5 



-ad 



2 



This is larger than R if it is large enough since 7 + ad > a5 and 
d>2. □ 

This lemma implies that Wr is included in the attracting basin of 
Poo. Let Af be the union of preimages f~ n (Wji). 

Theorem 5.4. If 5 < d, then the limit G z is defined, continuous and 
pluriharmonic on Af. Moreover, G z ~ log \ w\ as w — > 00 for fixed z in 
A p , and G z tends to as (z,w) in Af tends to dAf — J p x C 

Proof. The proof is similar to that of Theorem 14.71 We first prove 
the locally uniform convergence of G n to G z on Wr, where G n = 
d~ n log I Gfl I . It follows from inequality ([7]) in the proof of Lemma 
that, for any (z,w) in Wr, 



ri\(p n (z)y\ < 



Q 



n+l, 



W 



<r 2 \{p n {zW\. 



Q n Aw) d 

Hence, for any (z, w) in Wr and for any positive integer n, 



\G 



n+l 



G, 



d n+l 



log 



\Q n +\w)\ 



\Qn( W )\d 



< 



d" 



-log(r|p"(z)r) 
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where logr = max{— logri, log^}. Therefore, G n converges locally 
uniformly to G z on Wr, which is continuous and pluriharmonic. By 
the inequality above, for any (z, w) in Wr, 

oo , 

|G» - log HI < E rf^T lo S \P^\ + l 



n=0 



Although this infinite sum converges since degp = 5 < d, we can 
restate this inequality to a simpler form. Since p(z) ~ z s , there exists 
a constant r > 1 such that \p(z)\ < r \z\ s and so |p n (-2)| < (r |-2|) <5n if 
\z\ > R. Hence 

(8) \G z (w) - log H| < -^- 5 log \z\ + C R 

for any (z, w) in Wr, where 

In particular, G z ~ log H as w — > oo for fixed z in Wr. We can 
extend the domain of G z from Wr to Af by the equation G z {w) = 
d- n G pn[z) {Q n z {w)). 

Next, we calculate the asymptotic value of G z (w) as (z, w) in Af 
tends to dAf — J p x C. By inequality (|S]), 

|^ w (QJ(tt>)) -logiV^)H < ^log\p n (z)\+C R 

for any (z,w) in f~ n (E), where E = {H = -R|z| a , |^| > R} C cW#. 
Thus it follows from the equation G z {w) = d~ n G p n( z )(Q™(w)) that 



(9) 



Gz (w) log R\p n (z) 



on / Since degp = 5 < d and since / n (-E) converges to dAf — 

J p x C as n tends to infinity, G z (w) converges to as (z, w) in Af tends 
to dA f - J p x C. □ 

Moreover, it follows that G z = log \z 7 ' ( d ~ s ^w\ + o(l) on Wr; see 
Remark 15.81 in the next subsection. Since G z = on Bf, the theorem 
above implies the following. 

Corollary 5.5. If '5 < d, then G z is defined on C 2 , which is continuous 
and plurisubharmonic on A p X C. Moreover, G z = Gf = GJ on C 2 , 
and G z = G® on A p x C. 
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We end this subsection with a description of the dynamics of / on 
P(r, s, 1) as in Section 4.2. By definition, 



f[z :w:t] 



z S +tu(z,t) : 



h(z, w) + tv(z, w, t) 

j-r-y+sd—sS 



: t° 



= p A {z d + tu(z, t)} : h(z, w) + tv(z, w, t) : t^ A+s ] 

where u and v are polynomials, h is the weighted homogeneous part 
of q of weight sd/r, and A = rj + sd — s5 > 0. The polynomial h 
contains z^w 6, if and only if s/r > a, which coincides with z 1 w d if 
s/r > a. Since Ij = {[z : w : 0] : h(z,w) = 0} and h is divisible by z, 
the point = [0 : 1 : 0] is always an indeterminacy point. Note that 
/ has other indeterminacy points than if s/r > a. In particular, 
I f = { Poo ,[l : 0:0}} if s/r > a. 

Recall that attracts all points which converge to (L OQ — Ij)U{p 00 }. 
For the sets Aj and Bj as before, it follows that Aj = Af U (L^ — Ij) 
and Bj = BfU(Ij — {poo})- Since Aj is included in the attracting 
basin of poo and since Bj is the attracting basin of If — {poo}, it follows 
that AjUintBj: C F?. Hence the same claim as Proposition 14. Ill holds. 

5.3. Uniformly convergence and Asymptotics. It seems impos- 
sible to prove that the convergence of G n to G z is uniform, where 
G n = d~ n \og + To overcome this problem, we define 

oo 

G n (z,w) = G n (z,w) + 5Z^TT log+ 1^(^)1' 



which converges to G z on C 2 . 

Proposition 5.6. If 5 < d, then the convergence of G n to G z is uni- 
form onVxC, where V C A p . 

Proof. We first show that G n converges uniformly to G z on Wr. By 
Lemma 15.31 there is a constant r > 1 such that, for any (z, w) in Wr, 



G 



n+l 



G r 



G 



n+l 



G r . 



7 



d n+1 



log \p n (z)\ 



d n+1 



log 



< 



logr 



{p n {z)^{Q n z {w)) d 

Hence G n converges uniformly to G z on Wr. 

The left part of the proof is the same as the proof of Proposition 
14.121 The equation G n o f = dG n+ \ extends the uniform convergent 
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region from Wr to / n (Wr). It follows from equation ([9]) in the proof 
of Theorem El that U = {z G V, G z > e/3} C f- n {W R ) for large n, 
which induces the required uniform convergence. □ 

This proposition holds even if we replace log + \p*\ in the definition 
of G n by log |p J I , since \p> \ > 1 on V if j is large enough. Moreover, in 
Proposition 15.61 we can replace G n by 



G, 



7 



d? 



d — 5 \ d 



log \z\ 



with a slight modification of the convergent region. However, the proof 
is not the same as before, because 

G n f — dG n+ \ 



d — 5 \d 



log 



p(z) 



which is not zero in general. 



Proposition 5.7. If 5 < d, then the convergence of G n to G z is uni- 
form on V x C, where V C A p fl {\z\ > 1}. 

Proof. We first show that G n converges uniformly to G z on Wr. Since 
p(z) ~ z s , there exists constants < r\ < 1 < r 2 such that ri\z s \ < 
\p(z)\ < r 2 \z 5 \ and so (r x l-^l)* 5 " < |p n (^)| < (^l- 2 !)' 5 ™ if \ z \ > R- Hence 
if > R, then 



log 



p n (z) 



y5 n 



< logrj" = 5 n logr , 



where logro = max{— logri, logr2}. By Lemma |5~3| there is a constant 
r > 1 such that, for any (z,w) in Wr, 



log 



{W 



(p n (z)p(Q n z (w)) d 
With these inequalities, the equation 



< logr. 



Q n z + \w) 




p n (z) 


7 


Q n z + \w) 


{zni{Q n z {w)) d 




z d 




{p n {z)V{Q n z {w)) d 



implies that, for any (z,w) in Wr, 



G 



n+l 



G r 



G n +i — G n 



7 



d n+l 



log \ z 



5" 



(10) 



< 



d^ l ° g 
7 / o \ 



Q 



n+l. 



W 



{z Sn p(Q%(w)y 



d \d 



log r + 



d n + x 



logr. 
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Hence G n converges uniformly to G z on Wr. 

Next, we show the uniform convergence on f~ N (Wr) D (Po N (U) x C) 
for any N, where po(z) = z s and U = {\z\ > R}. By definition, there 
exist constants < < 1 < Mn such that ttin\z s \ < \p N (z)\ < 



M N \z &N \ on U N =p- N (U)n Po I \U). Since 



-Ni 



p n (z) 




z° 





p 



- N {p N {z)) p n - N (p N (z)) 



P r N (p N (z)) pr N (p$(z)) 

it follows that, for any z in Ujy and for any n > N, 



{r x m N ) 



< 



p n (z) 



yS n 



< (r 2 M N ) 



Applying a similar argument as above for n > N, we get the uniform 
convergence on the required region, which converges to Af R {{\z\ > 
1} x C). The left part is the same as the proof of Proposition 14.121 □ 

Remark 5.8. It follows from inequality (|T0|) that 

\G z (w) - logl^^wll < C R on W R , 

where Cr converges to as R tends to oo. This inequality is better than 
inequality ([8]) in the proof of Theorem \5.J\ and resembles inequality 
in the proof of Theorem \4- 7[ 

Moreover, if a = 7/(5 — d) < 0, then we can show that the conver- 
gence to G" is uniform. Let G n = d~ n \og + \z~ a w n \, where (z n ,w n ) = 
f n (z, w). If a — j/(S — d) < 0, then G n = d~ n log \z~ a5 "w n \ and so 

p n (z) 



G, 



x. —a 



on W R . 



Hence we get the following convergence theorem. 

Corollary 5.9. If 5 < d and a = 7/(5 — d) < 0, then the convergence 



of G n to G° is uniform onVxC, where V C A 



v 



Proof. Since G n converges uniformly to on Wr, so does G n . The 
equation G n o f = dG n+ i extends the uniform convergent region from 
Wr to f~ n {WR). The left part is the same as the proof of Proposition 
14121 ' □ 

This uniform convergence induces the following asymptotics of G" 
near infinity. The proofs are similar to those of Lemma f4. 131 and Propo- 
sition 14.141 

Lemma 5.10. If 5 < d and a = -f/(5-d) , thenG a z (cz a ) = G h (c) + o(l) 
as z — > oo for fixed c. 
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Proof. Because Q n z (cz a ) = z a5n h n (c){l + o(l)} as z ->■ oo, 

G n (*,cz Q ) = cT n log+ |/i n (c)| +o(l). 

Since G n and <i~ n log + |/i n | converge uniformly to and Gh on suitable 
sets respectively, we get the required asymptotics. □ 

In this proof we can replace G n by G n . 

Proposition 5.11. If 5 < d and a = 7/(5 — d), then G°(w) = 
Gh(z~ a w) + o(l) as z 00. 

6. 5 = d 

In this section we deal with the last case S — d. The results for the 
Green functions of / and the dynamics of / are different depending 
on whether / is nondegenerate. However, it is common that is 
attracting in some sense and that / ~ (z d , z 1 w d ) on a region in the 
attracting basin of p^. 

In Section 6.1, we give the definition of a and an example of mono- 
mial maps. In Section 6.2, we prove the existence of three types of 
Green functions under the assumption 7 7^ 0. First, we show that G z 
is defined on Af and GJ is defined on C 2 if we admit plus infinity. 
Next, we show the existence of ]im n ^. O0 (n'yd n ~ 1 )~ 1 log" 1 " |Q"(w)| on C 2 , 
which is continuous on C 2 — dAf n dBf and plurisubharmonic on C 2 . 
Finally, we show that the limit G is defined and plurisubharmonic on 
A p x C if we admit minus infinity. It is continuous and pluriharmonic 
on A f . 

6.1. Weights. We generalize the definition of a as 



Mile 



7 + Id > rij + Irrij for any integers rij and rrij s.t. 
z nj w mj is a term in q with nonzero coefficient 

This definition is similar to the previous case 5 < d, since the inequality 
7 + Id > 15 is trivial if 5 — d. If q(z, w) 7^ b(z)w d , then we can replace 
the infimum in the definition of a by the minimum, which is equal to 



max 



nj -7 
d — nij 



z n j w m j i s a term in q with 
nonzero coefficient s.t. rrij < d 



For this case, —7 < a < deg z q — 7 and a < degq — 7. If q(z,w) = 
b(z)w d , then a = —00. Thus a = —00 even if q = w d , which differs 
with the definition we used for the nondegenerate case. See Section 7 
for a claim regarding the degree growth of /. 

Let the weight of z n w m be n + am. Then the weight of q is 7 + ad 
and the weight of Q r z (w) is n^yd 71 " 1 + ad n . Let h be the weighted 
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homogeneous part of q of highest weight 7 + ad, which contains z 5 w d . 
If 7 = 0, then z a&n h n (z~ a w) is the weighted homogeneous part of Q™{w) 
of weight ad n . If 7 7^ 0, then z ni (z'^hlz, w)) dn is the weighted 
homogeneous part of Q™(w) of weight n^d n ~ l + otd n . 

The dynamics of / on P(r, s, 1) is the same as in the case 5 < d if 
7 7^ for any positive integers r and s. Because it contracts L^ — lj to 
the indeterminacy point p^, the point p^ attracts most nearby points 
in A p x C. 

In this subsection we give only one example, i.e. monomial maps. 
If 7 = 0, then there are many polynomial skew products that are 
semiconjugate to polynomial products; such maps are studied in [TBI 
Theorem 3.7 and Proposition 3.9], [T7] Examples 5.2 and 5.3] and [18] . 
However, we have no such maps if 7 7^ 0. 

Example 6.1 (monomial maps). Let f = (z d ,z' y w d ) and'-f 7^ 0. Then 
a = —00 and f n = (z d ™ , z ln w dn ), where j n = n^d n ~ x + d n . Hence 

on \\z\ > 1, w 7^ 0} 
G f = G z = { log + \w\ on {\z\ = l} 




on {\z\ < 1} U {w = 0}. 



Moreover, 




lim -r^—Jog + \f n (z,w)\ = lim -1— - log + |Q;H| 

on {w 7^ 0} 
on {w = 0}, 

which is plurisubharmonic on C 2 but not continuous on {\z\ > l,w = 
0}, and G(z,w) = log|w| on {z 7^ 0}, which is continuous and pluri- 
harmonic on {zw 7^ 0} and plurisubharmonic on {z ^ 0}. 

6.2. Existence of Green functions. We defined Wr as {|z| > R, \w\ > 
R\z\ a } if 7 7^ 0. If a = —00, then Wr = {\z\ > R, \w\ > 0} since we 
may assume that R > 1. As same as the case 6 < d, we have the 
following lemma. 

Lemma 6.2. If 5 = d, then q(z,w) ~ z 1 w d on Wr for large R > 0, 
and f preserves Wr; that is, /(Wr) C Wr. 

Proof. If q(z,w) 7^ b(z)w d , then a > —00 and the proof is the same 
as the case 5 < d, the proof of Lemma 15.31 If q(z,w) = b(z)w d , 
then a = —00 and this claim is trivial. Moreover, q(z,w) ~ z 1 w d on 
{\z\>R}xC. ' □ 
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From now on, we deal with only the case 7^0. The lemma above 
implies the following two theorems. 

Theorem 6.3. Let 5 = d and 7 7^ 0. If a > 0, then G z = 00 on Af 
and G z < aG p on Bf. 

Proof. By Lemma 16.21 there exists a positive constant r < 1 such that 
\q(z, w)\ > r|^ 7 w d | on Wr. Since p(z) ~ z d , there exists a positive 
constant r < 1 such that \p(z)\ > r \z\ d and so |p n (z)| > |r z| dn if 
\z\ > R. Using these inequalities inductively, we get 

\QzH\ > r 1+d+ - +dn ~ 1 \(r z) n ^ dn ~ 1 w dn \ 

and so 

1 ii'y 
— log\Q^(w)\ > logr + — log|r z| + log |rw|, 

which tends to 00 as n — > 00. Therefore, G z = 00 on Wr, which 
extends to Af. 

Let (z,w) be a point in Bf. Then f n (z,w) never belong to Wr and 
so \Q2(w)\ < R\p n (z)\ a . Hence G z (w) < aG p (z) on B f . □ 

The existence of G z on Bf is still unclear. We exhibit three examples 
that relate to this problem. 

Example 6.4. For any positive integer s, let f = f s = (z 2 ,z(w 2 — 
z s )+z 2s ), which is conjugate to f\ = (z 2 ,zw 2 ) by n = (z,w + z s ). Then 
a = s and G z = a log \z\ on Bf = {\z\ > l,w = z s }. 

Example 6.5. Let f = (z r ,z' y (w r — z s ) + z s ). Then a = s/r and 
G z = a log \z\ on {\z\ > 1, w r = z s } C Bf. 

Example 6.6. Let f = (z 2 , zw 2 + z 2 w). Then a = 1 and G z = on 
{w = 0}G B f . 

Let us return to the statement on the Green function in the remaining 
case a < 0. 

Theorem 6.7. Let 5 = d and 7 / 0. If a < 0, then G z is 00 on Af 
and on Bf. 

Proof. If q(z,w) 7^ b(z)w d , then a > —00. The proof of the claim 
G z = 00 on A f is the same as the proof of Theorem 16.31 The claim 
G z = on Bf follows from the definition of Bf and the assumption 
a < 0. If q(z,w) = b(z)w d , then a = —00 and this claim follows 
from the direct calculation; see the proof of Proposition 16.81 below for 
detail. □ 

More precisely, Bf consists of infinitely many lines if q = b(z)w d . 
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Proposition 6.8. Let 5 = d and 7 ^ 0. If q(z,w) = b(z)w d , then G z 
is 00 on Af and on Bf. Moreover, Bf coincides with the union of 
the preimages of {z e A p , w = 0} under f , which is equal to 

|J p" n (6 _1 (0) n A p ) x C U {z e A p , w = 0}. 

n>0 

Proof. Let f(z,w) = (p(z) , b(z)w d ) . Then f n (z,w) = (p n (z), B n (z)w dn ), 
where B n (z) = 6(p" _1 (ar)) • • • b{p{z)) dn '%{z) dn ' 1 . Hence 

1 n ~~ 1 1 

- log \Q n z (w) | = log H + ^ — log |6(p>(*)) I • 

3=0 

This finite sum tends to 00 as n — > 00 unless b(p>(z)) = for some 
j > 0, since degp = d. □ 

Combining two theorems above, we get the following corollary. 

Corollary 6.9. If 5 = d and 77^0, then 

00 on Aj 

max{a, 0}G p (z) on Bf. 



G a f (z,w) 



The dynamics of / is similar to that mentioned in the previous sec- 
tion. The set Aj is included in the attracting basin of p^, and Bf is 
the attracting basin of If — {poo}- Hence the same claim as Proposition 
I4.11I holds except the description of Jj in terms of a Green function, 
for which we use the Green function in Corollary 16 . 1 II below instead of 
GJ. 

Now we show the existence of other Green functions that are locally 
bounded on C 2 . 

Theorem 6.10. If 5 = d and 7 / 0, then 

lim log \Q n z {w)\ = Gp(z) on A f . 

Proof. By Lemma 16.21 there exist constants r\ < 1 < r 2 such that 
ri|2 7 io d | < \q(z,w)\ < r 2 \z"<w d \ on Wr. By using \q(z, w)\ < r 2 \z"<w d \ 
inductively, we get the upper estimate 

\Q n z (w)\ <r 2 1+d+ --- +dn " 1 |p n - 1 (z)| 7 |p n - 2 (z)| 7d ---|2| 7dn "V| d ' 1 

and so 

— 1— rlog|QJH| < — (logr 2 + logM) 
+ ^ I log \z\ + ^log \p(z)\ + • • • + — ^ log |p n-1 (2;)|| . 
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Since d "log \p n \ converges to G p on A p , the right hand side converges 
to G p as n — > oo. Thus the inequality 

hmsup— 1 \ og \Q n z (w)\ < G p (z) 

holds on W^r. By the same argument in terms of ri\z~ t w d \ < \q(z,w)\, 
we get the inverse inequality. Therefore, we get the required equation 
on W R . 

A similar argument as above induces the required equation on Af, be- 
cause if f N (z,w) belongs to Wr then Q™(w) = Q^f JQf (w)) approx- 



imates to p"" 1 ^)^ 2 ^)^ •• -p^^ N X Q 



N 'w) dn N for n > N. □ 



)(n"/d 



n-l\-l 



It follows from this theorem that lim n 
on Bf. Therefore, 

Corollary 6.11. If 5 = d and 7 ^ 0, then 

' T log + |r(^)| = lim — ^jlog+lQ^ 



log + |Q?| = 



lim 

n->oo n"fd r ' 




on C 2 - B f 
on Bf. 

Finally, we prove the existence of G using Lemma IfTiZl By definition, 
G(f n (z, w)) = d n G(z,w) + n^d n - l G p {z) if it exists. 

Theorem 6.12. The limit G is defined, continuous and pluriharmonic 
on Af. Moreover, G = log \w\ + o(l) on Wr, G ~ log \w\ as w — > 00 
for fixed z in A p , and G tends to —00 as (z,w) in Af tends to any 
point in dAf — J p x C. 

Proof. The proof is similar to those of Theorems 14.71 and 15.41 We first 



ny/d 



show the uniform convergence to G on Wr. Let G n = d~ n log \ zn " w n ^ 
where (z n ,w n ) = f n (z,w). By Lemma [6.2[ there are constants r > 1 
and r > 1 such that < r|^u^| and \z d \ < r |z n +i| on Wr. 

Hence 

Gn+l 



G n 



< 



1 



W n +l 



y n-f 



IV" 



2 n+l 



< 



1 



log 



d" 



T lo S 



rro 



(n+lY- 



— — log r + 



d n+l 

n + 1 



-n+l 



7 



log r . 



Therefore, G n converges uniformly to G on Wr, which is continuous 
and pluriharmonic. By the inequality above, 

(11) \G(z,w)-\og\w\\<C R cmW R , 
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where the constant Cr > converges to as R — > oo. The equation 
G = dr n G o f n — njd^Gp extends the domain of G from Wr to Af. 
Next, we show the last statement. By inequality (fTT]) . 



Go/" = d n G + n~fd n - l G f 



\G(f n (z,w))-\ogR\p n (z)n < C R on f~ n (E), 
where E = {\w\ = R\z\ a , \z\ > R} C OWr. Thus, by the identity 



n( x . 1 n ( x log.R|p n (z) 
G(2, tu) + n—G p (z) 



Therefore, the values of G on f~ n (E) tend to — oo as n — > oo. □ 

This theorem guarantees that Bf fl ({z} x C) / 8 for any z in v4 p . 
Since G = — oo on Bf, it follows that G is defined and plurisubharmonic 
on A p x C, and Af = {(z,w) G A p x C : G > — oo}. The identity 
Go f n = d n G + n^d n ~ l G p induces that G(z,w) converges to as (z,w) 
in Af tends to the intersection of the closure of dAf — J p xC and J p x C. 
Hence the description of the last statement is different from those in 
the case 5 ^ d. 



7. Degree growth 

In this section we give a remark on the relationship between alge- 
braically stability and weight growth, the list of inequalities of degree 
growth in terms of a, and a corollary on the existence of a weighted 
Green function that is normalized by deg(/ n ). 

7.1. Algebraically stability and Weight growth. Assume that / 
is not a polynomial product. We saw that if 7 7^ or 5 > d, then a 
is a positive rational number, / extends to an algebraically stable map 
on P(r, s, 1), where s/r = a, and the weight of Q n z is a\ n . Hence the 
weight of f n is equal to A™ if we define it as the maximum of the degree 
of p n and the weight of Q n z times a -1 ; namely, weight(/ n ) = (weight/)". 
This is an analogue of the well known fact: if / is algebraically stable 
on P 2 , then deg(/ n ) = (deg/) n . 

7.2. Degree growth. Next, we give the list of inequalities on the 
degree growth of /, which follows from the definition of a. 

(1) If 8 > d, then 5 n < deg(/ n ) < max{a, l}5 n . 

(2) If 5 < d and a > 0, then 
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< 



max{a, 1} + max 



a 



7 



d-S 



If S < d and a < 0, then 



1 + 



7 

d-5 







max < 









n + max{a, 1} 



deg(/") 
(3) If 5 = d and a > 0, then 

Qn+l) d"<deg(/»)< 

If 5 = d and a < 0, then 

deg(/ n )= Qn + l) cT. 

Note that it follows from the equalities above that, if 7 = 0, then 
X n < deg(f n ) < max{a, l}A n , which was already stated in [T7]. In 
general, it is proved in [9] that, for any polynomial map F which is 
not conjugate to a skew product such that 8 — d and 7 7^ 0, if the 
dynamical degree A is larger than 1, then there is D > 1 such that 
A™ < deg(F n ) < D\ n . 

7.3. Another Green function. In the final subsection we consider 
the existence of the limit 

1 



lim 

n->oo deg(/ n 



■io g + ir(*,«o 



If S ^ d, then the topological degree Sd is smaller than A 2 . In this 
case, the existence of the limit follows from Corollaries 14.21 and 15.51 
and the main result in [2], which can be restated as follows: for a 
polynomial map F whose topological degree is smaller than the square 
A 2 of the dynamical degree, the ratio of deg(F") and A n converges to 
some positive number. For the case 5 = d, the existence follows if a < 
because of Corollary 16.111 and the result above on the degree growth. 
Consequently, 

Corollary 7.1. If 5 7^ d or a < 0, then the limit of (deg(/ n )) _1 log + 
\f n (z, w)\ a is defined on C 2 . Moreover, it is continuous on C 2 if 8 > d, 



on A p x C if 5 < d, and on 



Bt if 5 = d and a < 0. 
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